Solutions Exam - Statistics 2019/2020
SOLUTION 1: Define X = z X; and X7 = 2 X2,

Then set (I): X = E[X] = 04/5 and (II): Var(X) = X2 - X?=q/B%
Solve this system for @ and 5: B B
Plugging (I) a = X3 into (II) yields: X? — X* = (X3)/8*> = X /f3, and so:
B = X/(X2— X?). Plugging this into (I) gives: a = X?/(X?2 — X?). Thus:

dyronr = X*/(X2 = X% Buon = X/(X? - X?)

SOLUTION 2: Note: fy.(r) =60 -a” 2771, Ity>ay, where Ifp>0y = 1if 2 > a and
I{z>qy = 0 otherwise. Build the likelihood (joint density):

n —0-1 n
LX(Qaa) - f@a L1y...,T Hf@axz =0"- n ' (H$Z> ’HI{xiZa}
i=1 i=1

SOLUTION 2(a): The joint density can be factorized into:

g(xb s 7In) - ]{min{arl ..... Tn}>a}l
n —0-1
h<t(x17 cee 737%)7 6) = 0" (H $Z>
=1

so that T'(X1, ..., X,,) := [] X, is sufficient statistic for 6.

i=1

SOLUTION 2(b): The joint density can be factorized into:

\ —6-1
g(xy, ... x,) = 0" (H:m)

h<t($la e axn)a CL) - n9 [{mln{:rl ..... zn}>a}

so that T'(X1, ..., X,) ;= min{ Xy, ..., X,,} is sufficient statistic for a.

SOLUTION 2(c): Assume min{zy,...,x,} > a, as otherwise Lx(0,a) =0 for all X.
Lx(6, 0) = log(Lx (6, a)) = nlog(8) + nBlog(a) + (~0 — 1) log(> ")

Take the derivative w.r.t. § and set it to 0: Zix(0,a) = % + nlog(a) — log(> 1, x;) = 0.
log(>-" 4 @;)—nlog(a)

s Lolx(0,0) = — 4 < 0.

Solving for 6 yields the (potential) ML estimator: 6y, =
This is indeed the MLE (a maximum point), as

SOLUTION 2(d): The factor a”’ grows monotonically in a. So a should be as large as
possible, subject to @ < min{xy,...,z,}. So: apr = min{Xy,..., X, }.

1



SOLUTION 3(a): Elo?] = LS. E[X?] = LY 02 = L. pg? = 52
i=1 =1

Note that F[X?] = 0%, as F[X;] = 0 implies: E[X?] — 0% = Var(X;) = %
SOLUTION 3(b): Build the log-likelihood (for X only):

1 1 1 X? 1 1 1 1
Ix,(0%) = log (—% o eXP{—§ ’ 0—21}> = log <—%> 5 log(0?) — 9 52

Take the first and the second deriavtive w.r.t. o2:

Taln@®) = —3% g ()X
- _%% +%' (012)2 X
o) = 3 (1) g ()X
- e e
The expected Fisher information is:
I(6*) = —F [daf—;z zXl(aﬂ =-F B : @ — # X2
- _% ' (012)2 + (012)3 - E[X7] = _% (02)2 + (02)3 10t = 204

SOLUTION 3(c): Yes, it attains the Rao Cramer bound.
The Rao-Cramer bound is equal to: ——p = —— = 20"

T(o2 =
n-I(o?) nog n

~ 1 " 1 X
e - §om(E0)- on (0 £2)
i=1 —
ot a X ? ot 20%
= 3 Var (Z (7) ) ==

i=1

Note that X; ~ N(0,0?) implies 2.X; ~ N(0,1), so that (sce hint):
<z (%)2) 18 X% distributed and has variance 2n.

i=1



SOLUTION 4: Consider the ratio of the joint densities:

9 9
X, L1 eypf L0
AMX X f071(X1""’X9)_i1;[1f0’1( )_11;[1\/ﬂ 1 exp{—5 =}
(X1,...,Xo) fia(Xy, ., Xe) 2 i — e
E J11(X5) 1:[1 N exp{— —}

9
exp{~4 2 X2) Lo
— 5 =1 :exp{—§ ZXE—FEZ(XE—QXl—l—l)}
exp{~3 22X~ 1))

i=1

9
= exp{45-) X}
=1

9 9
Under Hy we have: > X; ~ N(0,9), so that 5 > X; ~ N(0,1).
i=1

i=1

Pry(A(X1,..., Xo) < k) & Pyy(exp{d5—> X;} <k)

i=1

& Py Xi > 45— log(k)) < PHO(é SOX; > 15— log(h)/3)

i=1 i=1

So (1.5 —log(k)/3) must be the 0.9-quantile go9 = 1.3 of the N(0, 1) distribution.
1.5 —log(k)/3 =13 < k = exp(0.6) ~ 1.82

Hence, the UMP rejects H, if: A\(X7,..., Xy) < 1.82.

Power of the UMP test: Under H; we have: (3 i X; —3)~ N(0,1).

Py, (MXy,...,Xy) < k) < Py, (= ZX >1.3) & Py, (= ZX—3>—17)

=1

As —1.7 is smaller than the go o5 = —qo.95 = —1.6 quantile of the N(0,1), the power of
the UMP test is greater than 0.95.

SOLUTION 5(a): Compute the log likelihood:

Ix(0) = log ﬁ (x +r - ) -y, 9>
~ og (le <I 27; - 1>) 1oy 92?_11,1.)
— log ﬁ (m 2: - 1)) +nrlog(1 — 6) + (il ;) log(6)

Take the derivative w.r.t. 0 and set it to 0:

n n

e 3T _ N1 —0) = - . ” ;=
— TS =0 e nrd+ () x)(1-0) =0« (nr—i—izlxz)ﬁ—i-izlxz—o
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n —
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For the second derivative we have:

d? —nr S
== T <O

This confirms that 6y, = X /(r + X).

SOLUTION 5(b): For n = 1 we have the 2nd derivative of the log likelihood:

d2 —Tr X1
—Ix,0) = —= — —
g5z 0) (1—0)2 ¢
Compute the Fisher Information:
d2 r X1 r E[Xl]
1(6) = —FE Ix, ()| =Ey | ——=+ —| =
©) e{cw? x )} 9{(1—9)2+ 92} i-07 @
r ({_99) r r0 rf +r(1 —0) B r

T =62 @ —er U-er (1-6028 01-07

SOLUTION 5(c): Asymptotically \/T(0)\/n - (0, — 0) ~ N(0,1), hence:
P(qo.025 < v/ 1(0)v/n - éML_ ) < qo.o75) = 0.95

q0.975 q0.025
(O — —m— < 0 < Oarr — —) 95
NGO VIO) -

With qo.975 = 2 and qo.025 = —2, and 1(0) being replaced by I(@ML), we get the CI:

Oner £2/(\/1(0u1) - V)

=

Here we have 0y, = 0.8 and 2/(y/1(011)/n) = 2/(\/2/(0.8 -0.22)y/20 ~ 0.057.

So the two-sided CI is: [0.743,0.857].

SOLUTION 5(d): Like part (c), but here we use:

Plgoos < VIO)v/n - (Brrr — 0)) = 0.95 & POy, — \/ﬂ% N > ) = 0.95
With ¢go5 = —{.6 the one-sided 95% CI for 6 is: (—oo, Onrr + ﬁﬁ ]
Here we have 6,7, = 0.8 and L6 = L6 ~ 0.045.

VIOV \/Ogﬁm
So the one-sided CI is: (—o0, 0.845].

SOLUTION 5(e): Asymptotically: ~ N(0,1) where Liy(0) = 7% + Z:Tlx

delX
Givenr=2,X:8andn—20and90—09weget

oy Dt A0 208 999 and /i - 1(0) = /20 - 555 & 66.67

Therefore the score test statistic takes the value: dolx® _ 22 ~ —3.33. As the value is
NG 66.67

lower than the gg0; quantile —2.3 of the N(0,1), the score test would reject the null
hypothesis to the level 0.02.



